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Lecture 1: Introduction, Motivation and Basic Models of
Knowledge

Lecture 2: Knowledge in Groups and Group Knowledge

Lecture 3: Reasoning about Knowledge and .......

Lecture 4: Logical Omniscience and Other Problems

Lecture 5: Reasoning about Knowledge in the Context of Social
Software
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Course Website:
staff.science.uva.nl/~epacuit/formep_esslli.html

Reading Material: The course reader and references therein.
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B |[ntroduction and Motivation

B Epistemic Logic
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Epistemic Logic

What do we want?
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Epistemic Logic

What do we want?

A simple mathematical model that faithfully represents (the agents
information in) social interactive situations.
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Epistemic Logic
I —

J. Hintikka. Knowledge and Belief. 1962, recently republished.

See references in the notes!
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Epistemic Logic

Single-Agent Epistemic Logic: The Language
¢ is a formula of Epistemic Logic (£) if it is of the form

o = plop|leny | Ky
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Epistemic Logic

Single-Agent Epistemic Logic: The Language
¢ is a formula of Epistemic Logic (£) if it is of the form

o = plop|leny| Ky

» p € At is an atomic fact.
e "It is raining”
e "The talk is at 2PM”
e "“The card on the table is a 7 of Hearts”
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Single-Agent Epistemic Logic: The Language
¢ is a formula of Epistemic Logic (£) if it is of the form

o = plop|leny| Ky

» p € At is an atomic fact.

» The usual propositional language (Lo)
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Epistemic Logic

Single-Agent Epistemic Logic: The Language
¢ is a formula of Epistemic Logic (£) if it is of the form

o = plop|leny| Ky

p € At is an atomic fact.
The usual propositional language (£o)

Ky is intended to mean “The agent knows that ¢ is true”.

The usual definitions for —, Vv, < apply

vV V. v VY

Define Ly as - K-
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Epistemic Logic

Single-Agent Epistemic Logic: The Language
¢ is a formula of Epistemic Logic (£) if it is of the form

o = plop|leny| Ky

K(p — g): “Ann knows that p implies ¢"
KpV —Kp:
KpV K=p:
Lp:
KLyp:

Eric Pacuit and Rohit Parikh: Introduction to Formal Epistemology, Lecture 1 8



Epistemic Logic

Single-Agent Epistemic Logic: The Language
¢ is a formula of Epistemic Logic (£) if it is of the form

o = plop|leny| Ky

K(p — g): “Ann knows that p implies ¢"
Kp V —Kp: “either Ann does or does not know p"
Kp VvV K=p: “Ann knows whether p is true”
Lp:
KLyp:

Eric Pacuit and Rohit Parikh: Introduction to Formal Epistemology, Lecture 1 8



Epistemic Logic

Single-Agent Epistemic Logic: The Language
¢ is a formula of Epistemic Logic (£) if it is of the form

o = plop|leny| Ky

K(p — g): “Ann knows that p implies ¢"
Kp V —Kp: “either Ann does or does not know p"
Kp VvV K=p: “Ann knows whether p is true”
Lp:
KLp: "Ann knows that she thinks ¢ is
possible”

@ is an epistemic possibility”
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Epistemic Logic

Single-Agent Epistemic Logic: Kripke Models

M = (W,R, V)
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Epistemic Logic

Single-Agent Epistemic Logic: Kripke Models

M=(W,R,V)

» W # () is the set of all relevant situations (states of affairs,
possible worlds)
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Epistemic Logic

Single-Agent Epistemic Logic: Kripke Models

M= (W,R, V)

» W £ () is the set of all relevant situations (states of affairs,
possible worlds)

» R C W x W represents the information of the agent:
wRv provided “w and v are epistemically indistinguishable

”
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Epistemic Logic

Single-Agent Epistemic Logic: Kripke Models

M= (W,R, V)

» W # () is the set of all relevant situations (states of affairs,
possible worlds)

» R C W x W represents the information of the agent:
wRv provided “w and v are epistemically indistinguishable

» V : At — p(W) is a valuation function assigning propositional
variables to worlds

I EEEE—
9
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Epistemic Logic
I —

Example

Suppose there are three cards:
1, 2 and 3.

Ann is dealt one of the cards,
one of the cards is placed face
down on the table and the third
card is put back in the deck.
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Epistemic Logic
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Example

Suppose there are three cards:
1, 2 and 3.

Ann is dealt one of the cards,
one of the cards is placed face
down on the table and the third
card is put back in the deck.

What are the relevant states?
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Epistemic Logic

Example

Suppose there are three cards:
1, 2 and 3.

Ann is dealt one of the cards,

one of the cards is placed face W
down on the table and the third

card is put back in the deck.

H‘

Wy

What are the relevant states?

wo Wsg

w: We

w
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Epistemic Logic

Example

Suppose there are three cards:
1, 2 and 3.

Ann is dealt one of the cards,

one of the cards is placed face W
down on the table and the third

card is put back in the deck.

H‘

Wy

Ann receives card 3 and card 1
is put on the table

wo Wsg

w: We

w
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Epistemic Logic

Example

Suppose there are three cards:
1, 2 and 3.

Ann is dealt one of the cards,

one of the cards is placed face W
down on the table and the third

card is put back in the deck.

H‘

Wy

What information does Ann
have?

wo Wsg

w3 We
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Epistemic Logic

Example

Suppose there are three cards:
1, 2 and 3.

Ann is dealt one of the cards,

one of the cards is placed face wy Wy
down on the table and the third I

card is put back in the deck.

What information does Ann

have?
1% Wx

w3 We
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Epistemic Logic

Example

Suppose there are three cards:

1, 2 and 3.
Ann is dealt one of the cards, C‘ ‘:D
one of the cards is placed face I

down on the table and the third
card is put back in the deck.

What information does Ann ( ‘ ‘ )
have?

0/ @
Cled) (b2
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Epistemic Logic

Example

Suppose there are three cards:
1, 2 and 3.

Ann is dealt one of the cards,
one of the cards is placed face
down on the table and the third
card is put back in the deck.

Suppose H; is intended to
mean “Ann has card /"

T; is intended to mean “card i
is on the table”

Eg., V(Hl) = {Wl, WQ}

Claa) (e

]
- / D)=
. =

Cea) (a0

w3 We
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Epistemic Logic

Example

Suppose there are three cards:
1, 2 and 3.

Ann is dealt one of the cards,
one of the cards is placed face
down on the table and the third
card is put back in the deck.

Suppose H; is intended to
mean “Ann has card /"

T; is intended to mean “card i
is on the table”

Eg., V(Hl) = {Wl, WQ}

Ciwn) (D

"
- / o=
. =

Sy a0

w3 We
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Epistemic Logic

Single Agent Epistemic Logic: Truth in a Model

Given ¢ € L, a Kripke model M = (W R, V) and w € W

M, w = ¢ means “in M, if the actual state is w, then ¢ is true”
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Epistemic Logic

Single Agent Epistemic Logic: Truth in a Model

Given ¢ € L, a Kripke model M = (W R, V) and w € W

M, w [= ¢ is defined as follows:

» M,w = piff we V(p) (with p € At)

> Mow = - if Myw & ¢

> MwEeAYif M,wE=pand M,w =Y

> M,w = Ky if for each v € W, if wRv, then M, v |= ¢
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> Mow = - if Myw = ¢
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Epistemic Logic

Single Agent Epistemic Logic: Truth in a Model

Given ¢ € L, a Kripke model M = (W R, V) and w € W

M, w [= ¢ is defined as follows:

v M,w E piff we V(p) (with p € At)

V MywE—pif Mw =@

V MiwEpAYif M,wE=pand M,w =1

> M,w = Ky if for each v € W, if wRv, then M, v |= ¢
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Epistemic Logic

Single Agent Epistemic Logic: Truth in a Model

Given ¢ € L, a Kripke model M = (W R, V) and w € W

M, w [= ¢ is defined as follows:

v M,w = piff we V(p) (with p € At)

V Myw E - if Myw =@

V MiwEeAYif M,wE@and M,w =9

v M,w E Ky if for each v € W, if wRv, then M, v | ¢
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Epistemic Logic

Example

Suppose there are three cards:
1, 2 and 3.

Ann is dealt one of the cards,
one of the cards is placed face
down on the table and the third
card is put back in the deck.
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Epistemic Logic

Example

Suppose there are three cards:
1, 2 and 3.

Ann is dealt one of the cards,
one of the cards is placed face
down on the table and the third
card is put back in the deck.

Suppose that Ann receives card
1 and card 2 is on the table.

Ciwn) (D

"
- / o=
. =

Sy a0

w3 We

Eric Pacuit and Rohit Parikh: Introduction to Formal Epistemology, Lecture 1 12



Epistemic Logic

Example

Suppose there are three cards:
1, 2 and 3.

Ann is dealt one of the cards,
one of the cards is placed face
down on the table and the third
card is put back in the deck.

Suppose that Ann receives card
1 and card 2 is on the table.
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Epistemic Logic

Example

Suppose there are three cards:
1, 2 and 3.

Ann is dealt one of the cards,
one of the cards is placed face
down on the table and the third
card is put back in the deck.

M, w1 ': KHl

= DN~

"]

- / o=
. i*
Swrn)  (rD

w3 We
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Epistemic Logic

Example

Suppose there are three cards:

1, 2 and 3.
Ann is dealt one of the cards, C .: >
one of the cards is placed face

w1
down on the table and the third
card is put back in the deck.

T o =

Ciw Q«D
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Epistemic Logic

Example

Suppose there are three cards:

1, 2 and 3.
Ann is dealt one of the cards, C .: >
one of the cards is placed face

w1
down on the table and the third
card is put back in the deck.

T o @0
M, w1 ': K—|T1

w2 Wy

= .:>

w3 We
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Epistemic Logic

Example

Suppose there are three cards:

1, 2 and 3.
Ann is dealt one of the cards, C .: >
one of the cards is placed face

w1
down on the table and the third
card is put back in the deck.

T =

Ciw Q«D
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Epistemic Logic

Some Questions

Should we make additional assumptions about R (i.e., reflexive,
transitive, etc.)

What idealizations have we made?
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Epistemic Logic
I —

Some Notation

A Kripke Frame is a tuple (W, R) where R C W x W.

@ is valid in a Kripke model M if M, w = ¢ for all states w (we
write M = ).

@ is valid on a Kripke frame F if M = ¢ for all models M based
on F.
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Epistemic Logic

Logical Omniscience

Fact: ¢ is valid then K is valid
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Epistemic Logic

Logical Omniscience

Fact: Ko A K¢y — K(p A1) is valid on all Kripke frames
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Epistemic Logic

Logical Omniscience

Fact: If ¢ — 9 is valid then Ko — K1 is valid
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Epistemic Logic

Logical Omniscience

Fact: K(p — ¥) — (Kp — K1) is valid on all Kripke frames.
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Epistemic Logic

Logical Omniscience

Fact: ¢ < 1 is valid then Ky < K1) is valid
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Epistemic Logic
I —

Correspondence

Definition
A model formula ¢ corresponds to a property P (of a relation in a
Kripke frame) provided

F = ¢ iff F has P
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Epistemic Logic
I —

Correspondence

Definition
A model formula ¢ corresponds to a property P (of a relation in a
Kripke frame) provided

F = ¢ iff F has P

Modal Formula ‘ Corresponding Property
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Epistemic Logic
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Correspondence

Definition
A model formula ¢ corresponds to a property P (of a relation in a
Kripke frame) provided

F = ¢ iff F has P

Modal Formula ‘ Corresponding Property

Ke—¢ | Reflexive
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Correspondence

Definition
A model formula ¢ corresponds to a property P (of a relation in a
Kripke frame) provided

F = ¢ iff F has P

Modal Formula ‘ Corresponding Property

Kp — ¢ Reflexive
Ky — KKy Transitive
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Epistemic Logic
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Correspondence

Definition
A model formula ¢ corresponds to a property P (of a relation in a
Kripke frame) provided

F = ¢ iff F has P

Modal Formula ‘ Corresponding Property

Kp — ¢ Reflexive
Ky — KKy Transitive
Ky - K=Ky Euclidean
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Epistemic Logic
I —

Correspondence

Definition
A model formula ¢ corresponds to a property P (of a relation in a
Kripke frame) provided

F = ¢ iff F has P

Modal Formula ‘ Corresponding Property

Kp — ¢ Reflexive
Ky — KKy Transitive
Ky - K=Ky Euclidean
o — KLy Symmetric
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Epistemic Logic
I —

Correspondence

Definition
A model formula ¢ corresponds to a property P (of a relation in a
Kripke frame) provided

F = ¢ iff F has P

Modal Formula ‘ Corresponding Property

Kp — ¢ Reflexive
Ky — KKy Transitive
Ky - K=Ky Euclidean
o — KLy Symmetric
-KL Serial
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Epistemic Logic
I —

Modal Formula ‘ Property ‘ Philosophical Assumption
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Epistemic Logic
I —

Modal Formula ‘ Property ‘ Philosophical Assumption
Klp— 1) — (Ko —Ky¢)| — | Logical Omniscience
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Epistemic Logic
I —

Modal Formula ‘ Property ‘ Philosophical Assumption
K(p — ) = (Ko — K) — Logical Omniscience
Kp — ¢ Reflexive Truth
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Epistemic Logic
I —

Modal Formula ‘ Property ‘ Philosophical Assumption
K(p — ) — (Kp — Kv) — Logical Omniscience
Kp — ¢ Reflexive Truth
Ko — KKy Transitive Positive Introspection
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Epistemic Logic
I —

Modal Formula ‘ Property ‘ Philosophical Assumption
K(p — ) — (Kp — Kv) — Logical Omniscience
Kp — ¢ Reflexive Truth
Ko — KKy Transitive Positive Introspection
Ky — K=Ky Euclidean

Negative Introspection
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Epistemic Logic
I —

Modal Formula ‘ Property ‘ Philosophical Assumption
K(p — ) — (Kp — Kv) — Logical Omniscience
Kp — ¢ Reflexive Truth
Ko — KKy Transitive Positive Introspection
-Kp — K=Ky Euclidean Negative Introspection
-KL Serial Consistency
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Epistemic Logic

The Logic S5

The logic S5 contains the following axioms and rules:

Pc  Axiomatization of Propositional Calculus
K Kl — 1) = (Ke — Ki)

T Ke—o

4 Kp — KKy

5 —Kp— KKy
yp p P
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Epistemic Logic

The Logic S5

The logic S5 contains the following axioms and rules:

Pc  Axiomatization of Propositional Calculus
K Kl — 1) = (Ke — Ki)

T Kp—yp

4 Kp — KKy

5 —Kp— K-Kp
yp p P

Theorem

S5 is sound and strongly complete with respect to the class of
Kripke frames with equivalence relations.
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Epistemic Logic

Multi-agent Epistemic Logic

The Language: ¢ = p| ¢ | oAV | Kp
Kripke Models: M = (W, R, V) and w € W
Truth: M, w = ¢ is defined as follows:

> M,w = piff w e V(p) (with p € At)

> Myw E - if M,w £ ¢

> MwEeAYifMwEpand Myw E ¢

> M,w = Ky if for each v € W, if wRv, then M, v |= ¢
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Epistemic Logic

Multi-agent Epistemic Logic

The Language: ¢ = p| ~¢ | o AV | Kip with i € A
Kripke Models: M = (W,{Ri}ica,V) and w € W
Truth: M, w = ¢ is defined as follows:

> M,w = piff w e V(p) (with p € At)

> Myw E - if M,w £ ¢

> MwEeAYifMwEpand Myw E ¢

» M,w [ Kjp if for each v € W, if wR;v, then M,v |= ¢
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Epistemic Logic

Multi-agent Epistemic Logic

> KpKgp: “Ann knows that Bob knows ¢”
> Ka(Kge V Kg—¢): “Ann knows that Bob knows whether ¢

» “KgKaKg(p): “Bob does not know that Ann knows that
Bob knows that ¢"

I —
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Epistemic Logic

Example

Suppose there are three cards:
1, 2 and 3.

Ann is dealt one of the cards,
one of the cards is placed face
down on the table and the third
card is put back in the deck.

Suppose that Ann receives card
1 and card 2 is on the table.

) (D
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Swrn)  (rD

w3 We
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Epistemic Logic

Example

Suppose there are three cards:
1, 2 and 3.

Ann is dealt one of the cards,
Bob is given one of the cards
and the third card is put back
in the deck.

Suppose that Ann receives card
1 and Bob receives card 2.
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Epistemic Logic

Example

Suppose there are three cards:
1, 2 and 3.

Ann is dealt one of the cards,
Bob is given one of the cards
and the third card is put back
in the deck.

Suppose that Ann receives card
1 and Bob receives card 2.

() (mD

I\ /]
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Epistemic Logic

Example

Suppose there are three cards:

and the third card is put back
in the deck.

Suppose that Ann receives card

1 and Bob receives card 2.
wo

w3

Eric Pacuit and Rohit Parikh: Introduction to Formal Epistemology, Lecture 1

1, 2 and 3.
Ann is dealt one of the cards, @ .
Bob is given one of the cards Wy I I Wy

W5

1/ \]
)

We

20



Epistemic Logic

Example

Suppose there are three cards:

1, 2 and 3.
Ann is dealt one of the cards, @ .
Bob is given one of the cards Wy I I Wy

and the third card is put back
in the deck.

Suppose that Ann receives card
1 and Bob receives card 2.

W2 Wsg
M, w ): KB(KAHl V KA—iHl) I I
w3 We
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Epistemic Logic

Example

Suppose there are three cards:

1, 2 and 3.
Ann is dealt one of the cards, @ .
Bob is given one of the cards Wy I I Wy

and the third card is put back
in the deck.

Suppose that Ann receives card
1 and Bob receives card 2.

W2 Wsg
M, w ): KB(KAHl V KA—iHl) I I
w3 We
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Epistemic Logic

Example

Suppose there are three cards:

1, 2 and 3.
Ann is dealt one of the cards, @ .
Bob is given one of the cards Wy I I Wy

and the third card is put back
in the deck.

Suppose that Ann receives card
1 and Bob receives card 2.

w2 Ws
M, w ): KB(KAHl\/KAﬁHl) I I
w3 We
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Epistemic Logic

Example

Ann would like Bob to attend her talk; however, she only wants
Bob to attend if he is interested in the subject of her talk, not
because he is just being polite.

There is a very simple procedure to solve Ann's problem: have a
(trusted) friend tell Bob the time and subject of her talk.

Is this procedure correct?
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Epistemic Logic
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Example

Ann would like Bob to attend her talk; however, she only wants
Bob to attend if he is interested in the subject of her talk, not
because he is just being polite.

There is a very simple procedure to solve Ann's problem: have a
(trusted) friend tell Bob the time and subject of her talk.

Is this procedure correct? Yes, if
1. Ann knows about the talk.
Bob knows about the talk.
Ann knows that Bob knows about the talk.

Bob does not know that Ann knows that he knows about the
talk.

5. And nothing else.

e

I —
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Epistemic Logic

Example

P means “The talk is at 2PM".

I —
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Epistemic Logic

Example

P means “The talk is at 2PM".
M.,s ): KaP N —KgP
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Example

P means “The talk is at 2PM".
M,s ): KaP N —KgP
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Epistemic Logic

Example

w1 w2

w3 Wy

Eric Pacuit and Rohit Parikh: Introduction to Formal Epistemology, Lecture 1 22



Epistemic Logic
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Thank you!
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